Introduction
Throughout this paper, all the graphs are simple, that is, without loops and multiple edges. Notations and terminology not explicitly given here can be found in the book by Chartrand and Lesniak [9] .
Let G be a graph with vertex set V (G) and edge set E(G). The graph G is called connected if every pair of vertices is joined by a path. A cutset in a graph G is a subset S ⊂ V (G) of vertices of G such that G − S is not connected. The existence of a cutset is always guaranteed in every graph different from a complete graph K n . The index of connectivity of G, denoted by κ(G), is defined as the minimum cardinality over all cutsets of G, if G is a non-complete graph, or |V (G)| − 1, otherwise.
There are several measures of vulnerability of a network [6, 18, 21, 22] . The vulnerability parameters one generally encounters are the indices of connectivity and edge-connectivity. These two parameters give the minimum cost to disrupt the network, but they do not take into account what remains after destruction. To measure the vulnerability of networks more properly, some vulnerability parameters have been introduced and studied. Among them are toughness [3, 17, 19, 20, 23] , integrity [2] , neighbour-integrity [1, 26] , scattering number [27] , tenacity [24] and several variants of connectivity and edge-connectivity called conditional connectivity [5, 7, 11, 12, 16] , each of
Proof Let v j ∈ S 0 and suppose by contradiction that S j = ∅ is not a cutset of H j . Let us consider the set S * = S \ S j . Observe that either
, and therefore,
which contradicts the hypothesis that S is a τ -cut of G • H . Then either S j = ∅ or S j is a cutset of H j .
Remark 2.3 Let
Proof Let v j ∈ S 0 and suppose by contradiction that S j = ∅. Let us consider the set S * = S \ S j . Observe that either H j − S j belongs to the component of G • H − S that contains vertex v j or S j = V (H j ) and H j belongs to the component of
which is again a contradiction with the fact that S is a τ -cut of G • H . Then S j = ∅.
From now on, we may assume without loss of generality that the vertices of the set
. . , m} be the maximum integer such that S i = ∅ for all i = 1, . . . , k. Then, as an immediate consequence of Remarks 2.1-2.3, it follows that
Main results
Let G, H be two connected graphs on m and n vertices, respectively. Our purpose is to determine the toughness of the corona G • H of G and H . To begin with, given a τ -cut of G • H , the first question that we must answer is whether every copy of graph H can be disconnected in the same way. The following lemma provides an answer to this question. 
Proof Let us consider the vertex set V (G) = {v 1 , . . . , v m } ordered so that |S 1 | ≥ · · · ≥ |S m |, and let k ∈ {1, . . . , m} be the maximum integer such that
yielding that
By taking summation in Equation (2), we deduce that
which implies that all the inequalities of Equation (2) become equalities, and therefore, all the inequalities of Equation (1) become equalities. Thus,
which means that the set S
leading to |S 1 | = · · · = |S k | because S has minimum cardinality. Moreover, given any two subsets S i , S j , with i, j ∈ {1, . . . , k} and i = j , from Equation (3), it is clear that ω i = ω j . Then the result holds. 
To upper bound the index of toughness of G • H , it is enough to find a cutset S of G • H and compute |S|/ω(G • H − S). There are some alternatives in the choice of such a cutset, as the following proposition shows. 
Proof First, let v j be any vertex of V (G) and let us consider the set
.
Third, let S H ⊂ V (H ) be any cutset of H of cardinality |S H | = p and denote by q = ω(H − S H ). Take any vertex v j ∈ V (G) and set S j = S H ⊂ V (H j ). Let us consider the vertex set
Finally, take any cutset S H ⊂ V (H ) of H of cardinality |S H | = p and denote by q = ω(H − S H ).
Thus, τ (G • H ) ≤ min{1/2, τ (G)/1 + τ (G), (1 + p)/(1 + q), (1 + p)/(1/τ (G) + q)} and the result holds.
The next result gives a necessary condition for a τ -cut of G • H to contain vertices of some copy H i .
Lemma 3.2 Let G and H be two connected graphs of order m and n, respectively, and let
Proof From Lemma 3.1, there exists a vertex set S H ⊂ V (H ) such that either S i = ∅ or S i = S H , for every i = 1, . . . , m. So without loss of generality we may assume that there is an integer k ∈ {1, . . . , m} such that S = S 0 ∪ k i=1 S H ; that is, S i = S H if i ∈ {1, . . . , k} and S i = ∅ otherwise. Therefore, it is enough to us to prove that |S H |/ω(H − S H ) < 1/2. To clarify expressions, denote by ω 0 = ω(G − S 0 ) and ω H = ω(H − S H ). By applying Remark 2.1, we know that S 0 = ∅, and from Remarks 2.2 and 2.3, it follows that k ≤ |S 0 |. Thus,
Since S 0 = ∅ by Remark 2.1 and
, and ω 0 = 1 otherwise). Hence, applying inequality ω 0 − (|S 0 | + k) < 0 in Equation (4),
Second assume that |S 0 |/ω 0 < 1. Since S 0 is a cutset of G, then it is also a cutset of G • H and ω(G • H − S 0 ) = ω 0 + |S 0 |. Therefore, by using that S is a τ -cut of G • H , it follows that
Combining the first and the last members of Equation (5), we deduce that
because |S 0 |/ω 0 < 1. This concludes the proof.
From these previous results, the next theorem follows where the toughness of the corona G • H of two connected graphs is determined in terms of some parameters of G and H . 
, min
Without loss of generality, we may assume that V (G) = {v 1 , . . . , v m }, where the vertices are numbered so that |S i | ≥ |S i+1 |, for all i = 1, . . . , m − 1. We may also suppose that S has minimum cardinality over all the τ -cuts of G • H . 
which proves items (i) and (ii). Second, assume that τ (H ) < 1/2. If S 1 = ∅, then S i = ∅ for every i = 1, . . . , m, and reasoning as above, we prove that
Thus, suppose that S 1 = ∅, then by Lemma 3.1, we may assume that there exists an integer k ∈ {1, . . . , m} and a non-empty vertex set 
Since S 0 is also a cutset of G • H and S is a τ -cut of G • H of minimum cardinality, we have
The function f (k)
and by Equation (7), we deduce that f (k) is decreasing in k. Hence,
If S 0 is not a cutset of G then ω 0 ≤ 1 (ω 0 = 0 if S 0 = V (G), and ω 0 = 1 otherwise), and from Equation (8) , it follows that
If S 0 is a cutset of G then |S 0 |/ω 0 ≥ τ (G), and therefore, from Equation (8), it follows that
(iii) Suppose that τ (G) ≥ 1. Then combining Equations (6), (9) and (10), we deduce that (iv) Now suppose that τ (G) < 1, then from Equations (6), (9) and (10), it follows that
As a consequence of Theorem 3.1, the toughness of the corona of some families of graphs can be derived. Let n ≥ 3 be an integer. Let us denote by P n and C n the path and the cycle with n vertices, respectively, by S n the complete bipartite graph K 1,n−1 , by W 1,n the wheel with n + 1 vertices and by K n the complete graph of order n. As a consequence of Theorem 3.1, the toughness of the corona of two graphs, one of them being a complete graph, is deduced. Further, in Table 1 , we can find the toughness of the corona of two graphs belonging to some of these families: stars, paths, cycles, wheels and complete graphs. Table 1 . The toughness of the corona of some families of graphs.
• S n P n C n W 1,n K n
